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Current-carrying string-loop dynamics is studied in the Kerr spacetimes. With attention concen-
trated to the axisymmetric motion of string loops around symmetry axis of both black-hole (BH)
and naked singularity (NS) spacetimes, it is shown that the resulting motion is governed by the
presence of an outer tension barrier and an inner angular momentum barrier that are influenced by
the BH or NS spin. We classify the string dynamics according to properties of the energy boundary
function (effective potential) for the string loop motion. We have found that for NS there exist new
types of energy boundary function, namely those with off-equatorial minima. Conversion of the
energy of the string oscillations to the energy of the linear translational motion has been studied.
Such a transmutation effect is much more efficient in the NS spacetimes because lack of the event
horizon. For BH spacetimes efficiency of the transmutation effect is only weakly spin dependent.
Transition from regular to chaotic regime of the string-loop dynamics is examined and used for
explanation of the string-loop motion focusing problem. Radial and vertical frequencies of small
oscillations of string loops near minima of the effective potential in the equatorial plane are given.
These can be related to high-frequency quasi-periodic oscillations observed near black holes.
PACS numbers: 11.27.+d, 04.70.-s
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I. INTRODUCTION
Studies of relativistic current-carrying string loops
moving axisymmetrically along the symmetry axis of
Kerr or Schwarzschild–de Sitter black holes appeared re-
cently [1, 2]. Tension of such string loops prevents their
expansion beyond some radius, while their worldsheet
current introduces an angular momentum barrier pre-
venting them from collapsing into the black hole. Such a
configuration was also studied in [3, 4]. There is an im-
portant possible astrophysical relevance of the current-
carrying string loops [1] as they could in a simplified way
represent plasma that exhibits associated string-like be-
havior via dynamics of the magnetic field lines in the
plasma [5, 6] or due to thin isolated flux tubes of plasma
that could be described by an one-dimensional string [7–
9]. Motion of electrically charged string loops in com-
bined external gravitational and electromagnetic fields
has been recently studied for a Schwarzschild black hole
immersed in a homogeneous magnetic field [10].
It has been proposed in [1] that the current-carrying
string loop configuration can be used as a model for jet
formation - the chaotic character of the string loop mo-
tion enables strong transmutation effect when an oscil-
latory string-loop motion is transformed into its trans-
lational motion with relativistic velocity v ∼ c, even in
the Schwarzschild spacetimes [11]. In the Schwarzschild–
–de Sitter spacetimes, the string loop translational mo-
tion is accelerated by the cosmic repulsion behind the so
called static radius where the gravitational attraction of
the black hole is balanced by the cosmic repulsion [12–14],
and the motion reaches the velocity of light at the cosmo-
logical horizon of the Schwarzschild–de Sitter spacetimes
[2, 11].
Recently, an extensive interest appeared in the research
devoted to the Kerr superspinars, hypothetical objects
indicated by String Theory [15]. Exterior of a Kerr su-
perspinar is assumed to be described by the Kerr naked
singularity spacetime, while its interior is assumed to be
determined by an appropriate solution of String Theory,
removing the physical singularity and the causality vio-
lating region of the Kerr spacetime. The boundary of the
superspinar interior is expected to be located at small ra-
dius allowing thus for appearance of all the extraordinary
physical phenomena of Kerr naked singularity spacetimes
[16, 17] related to the regions close to the physical singu-
larity at r = 0, θ = pi/2. There are extended studies of
accretion phenomena [18–23], instabilities of test physical
fields [24, 25], optical phenomena [17, 26–30] and ultra-
high-energy collisions [21, 22, 31–33] in the superspin-
ning Kerr geometry. All these studies are based on test
particle (photon) or test perfect fluid approach. There-
fore, it is important to study properties of the string-loop
dynamics since its chaotic nature exhibits some new in-
teresting phenomena characteristic for Kerr naked sin-
gularity spacetimes that are not present in dynamics of
string loops in the field of Kerr black holes and can be
astrophysically relevant.
Here, we investigate dynamics of current-carrying
string loops in the field of Kerr naked singularities, gen-
eralizing thus the previous work [1] related to the string
loops moving in the field of Kerr black holes. We ex-
tend also the study of the string loop motion in the Kerr
black hole backgrounds and compare the naked singular-
ity and black hole cases. Considering capture, trapping
and scattering of circular string loops we identify the role
of the spin parameter of the spacetime in the string dy-
namics. It is well known that even such a very simple
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2axisymmetric two-body problem demonstrates apparent
chaotic behavior reflected by the so called strange repeller
due to the presence of the tension terms in the motion
equations [4]. In order to reflect the chaotic character of
the string motion, we use the method of Poincare sur-
faces and determine the basin-boundary separating the
space of initial condition due to different asymptotic out-
comes of the string-loop motion. We focus attention on
the transmutation effect transforming the oscillatory in-
ternal energy of the string loops into the kinetic energy
of their translational motion [1, 11], and on properties
of the oscillatory motion in vicinity of potential minima
where transition from regular to chaotic character of the
string loop dynamics occurs.
We study a string loop threaded on to the symmetry
axis of the Kerr naked singularity (black hole) chosen to
be the y-axis - see Fig. 1. in [2]. The string loop can
oscillate, changing its radius in the x-z plane, while prop-
agating in the y direction. The string loop tension and
worldsheet current form barriers governing its dynamics.
These barriers are modified by the gravitational field of
the Ker naked singularity (black hole) characterized by
its mass M and dimensionless spin a. Since the mass pa-
rameter determines the distance scale of the spacetime,
we focus our attention on the role of the dimensionless
spin a in the string loop motion.
II. KERR SPACETIMES
Kerr naked singularities (or exterior of Kerr super-
spinars) and Kerr black holes are described by the Kerr
geometry that is given in the standard Boyer-Lindquist
coordinates and the geometric units (c = G = 1) in the
form
ds2 = −
(
1− 2Mr
R2
)
dt2 − 4Mra sin
2 θ
R2
dtdφ
+
(
r2 + a2 +
2Mra2
R2
sin2 θ
)
sin2 θ dφ2
+
R2
∆
dr2 +R2 dθ2, (1)
where
R2 = r2 + a2 cos2 θ, ∆ = r2 − 2Mr + a2, (2)
a denotes spin and M mass of the spacetimes that fulfill
condition a > M in the naked singularity case. The
physical singularity is located at the ring r = 0, θ = pi/2
that can be well characterized in the so called Kerr-Schild
”Cartesian” coordinates that are related to the Boyer-
Lindquist coordinated by the relations
x = (r2 + a2)1/2 sin θ cos
[
φ− tan−1
(a
r
)]
, (3)
z = (r2 + a2)1/2 sin θ sin
[
φ− tan−1
(a
r
)]
, (4)
y = r cos θ. (5)
Contrary to the usual notation, we change axis z ↔ y
in accordance with the previous works [1, 2, 11, 34]. Be-
cause of the string loop axial symmetry we are interested
only in constant φ sections of the whole spacetime; we
are free to choose
φ = tan−1 (a/r) (6)
obtaining coordinate transformation in r, θ (x, y) plane
x =
√
r2 + a2 sin θ, y = r cos θ. (7)
At the x–y plane, the physical singularity is located at
x = ±a and y = 0.
In the following, we put M = 1, i.e., we use dimension-
less radial coordinate r and dimensionless spin a. There
is no event horizon in the naked singularity spacetimes, in
contrast to the Kerr black hole spacetimes (with a < 1)
when two event horizons exist. The causality violation
region, where gφφ(r, θ) < 0, is determined by the condi-
tion
(r2 + a2)(r2 + a2 cos2 θ) + 2ra2 sin2 θ < 0, (8)
and it is clear immediately that this region is located
at some part of the region of negatively valued radial
coordinate, i.e. in the region where we ascribe negative
(repulsive) gravitational mass to the Kerr spacetime [35].
For Kerr superspinars the extremal surface radius guar-
anteeing removing of the both causality violating region
and the ring singularity reads R2(θ) = 0. We consider
this extremally limited radius in the following.
III. RELATIVISTIC CURRENT-CARRYING
STRINGS LOOP IN AXIALLY SYMMETRIC
SPACETIMES
The relativistic description of string motion can be
given in terms of a properly chosen action reflecting both
the string and spacetime properties and enabling deriva-
tion of the equations of motion. We summarize the equa-
tions of the string motion in the standard form discussed
in [1].
The string worldsheet is described by the spacetime
coordinates Xα(σa) with α = 0, 1, 2, 3 given as functions
of two worldsheet coordinates σa with a = 0, 1 that imply
induced metric on the worldsheet in the form
hab = gαβX
α
|aX
β
|b, (9)
where 2|a = ∂2/∂a. The string current localized on
the worldsheet is described by a scalar field φ(σa). Dy-
namics of the string, inspired by an effective description
of superconducting strings representing topological de-
fects occurring in the theory with multiple scalar fields
undergoing spontaneous symmetry breaking [36, 37], is
described by the action S with Lagrangian L
S =
∫
L dσdτ, L = −(µ+ habϕ|aϕ|b)
√−h. (10)
3where ϕ,a = ja determines current of the string and µ > 0
reflects the string tension.
Varying the action with respect to the induced met-
ric hab yields the worldsheet stress-energy tensor density
(being of density weight one with respect to worldsheet
coordinate transformations)
Σab =
√−h (2jajb − (µ+ j2)hab) , (11)
where
ja = habjb, j
2 = habjajb. (12)
The contribution from the string tension with µ > 0 has a
positive energy density and a negative pressure (tension).
The current contribution is traceless, due to the confor-
mal invariance of the action - it can be considered as a
1 + 1 dimensional massless radiation fluid with positive
energy density and equal pressure [1].
Any two-dimensional metric is conformally flat metric,
i.e., we can write
hab = Ω
2ηab, (13)
where ηab is the flat metric and Ω is a worldsheet scalar
function. Adopting coordinates σa = (τ, σ) such that
ητσ = 0 and ηττ = −ησσ = −1, the conformally flat
gauge is equivalent to the conditions
hτσ = 0, hττ + hσσ = 0,
√−hhab = ηab. (14)
Then the conformal factor is given by
hσσ = Ω
2ησσ = gφφ. (15)
In the conformal gauge, the equation of motion of the
scalar field reads
ϕ|ττ − ϕ|σσ = 0. (16)
The assumption of axisymmetry implies that the current
is independent of σ and ja,σ = 0. Using the scalar field
equation of motion we can conclude that the scalar field
can be expressed in a linear form with constants jσ and
jτ
ϕ = jσσ + jττ. (17)
Introducing new variables
J2 ≡ j2σ + j2τ , ω ≡ −jσ/jτ , (18)
we express the components of the worldsheet stress-
energy density Σab in the form
Σττ =
J2
gφφ
+ µ, Σσσ =
J2
gφφ
− µ, (19)
Σστ =
−2jτ jσ
gφφ
=
2ωJ2
gφφ(1 + ω2)
. (20)
The string dynamics depends on the current through the
worldsheet stress-energy tensor. The dependence is ex-
pressed using the parameters J2 and ω. The minus sign
in the definition of ω is chosen in order to obtain cor-
respondence of positive angular momentum and positive
ω. Due to J ↔ −J symmetry in Eqs (19-20), we will
use only positive J in following calculations, while we
use three significant values −1, 0, 1 for the parameter ω
characterizing the whole interval ω ∈ 〈−1, 1〉.
A. Hamiltonian formulation of string loop
dynamics
In the Kerr spacetime we can introduce the lo-
cally non-rotating frames corresponding to zero-angular-
momentum observers (ZAMO), that are co-moving with
the spacetime rotation [38]. ZAMO are observing the
string loop in coordinates
Xα(τ, σ) = (t(τ), r(τ), θ(τ), σ + f(τ)). (21)
Now it is clear that relative to ZAMO the string loops
do not rotate, and for the string coordinates (21) we can
obtain the relations
X˙α = Xα|τ = (t|τ , r|τ , θ|τ , f|τ ), (22)
X ′α = Xα|σ = (0, 0, 0, 1). (23)
For the function f(τ), we obtain
f|τ = −(gtφ/gφφ)t|τ . (24)
Varying the action with respect to Xµ implies equa-
tions of motion in the form
D
dτ
P (τ)µ +
D
dσ
P (σ)µ = 0, (25)
where the string loop momenta are defined by the rela-
tions
P (τ)µ ≡
∂L
∂X˙µ
= ΣτagµλX
λ
|a (26)
P (σ)µ ≡
∂L
∂X ′µ
= ΣσagµλX
λ
|a. (27)
The equations of the motion (25) can be expressed in the
form (
ΣabgµλX
λ
|a
)
|b
− ΓαµβΣabgαλXλ|aXβ|b = 0, (28)
where a, b are coordinates τ, σ. Using identities
gβλΓκµβPκPλ =
1
2
gαβ|µPαP β = −1
2
gκλ|µPκPλ, (29)
the equations of motion (28) can be rewritten in the form
(6) presented in [1].
We can define affine parameter ζ, related to the world-
sheet coordinate τ by the transformation
dτ = Σττdζ. (30)
4Then the equations of motion (28) take the form
dPµ
dζ
= −1
2
gαβ |µPαPβ
−1
2
[
gφφ(Σ
ττ )2
]
|µ +
1
2
[
gφφ(Σ
τσ)2
]
|µ , (31)
with the four-momentum Pµ expressed by the relation
Pµ ≡ P (τ)µ = ΣττgµλX˙λ + ΣτσgµλX ′λ. (32)
Considering the Hamilton equations
dXµ
dζ
=
∂H
∂Pµ
,
dPµ
dζ
= − ∂H
∂Xµ
, (33)
the equations (31-32) imply the Hamiltonian in the form
H =
1
2
gαβPαPβ +
1
2
gφφ
[
(Σττ )2 − (Στσ)2] (34)
where α, β are the spacetime coordinates t, r, θ, φ.
B. Integrals of the motion
The Kerr metric (1) does not depend on coordinates
t (stacionarity) and φ (axial symmetry). Such symme-
tries imply conserved quantities - string energy and axial
angular momentum. The string energy E reads
−E = Pt = gttΣττXt|τ + gtφ(ΣττXφ|τ + ΣτσXφ|σ)
= Σττ
(
gtt − g2tφ/gφφ
)
t|τ + gtφΣστ . (35)
The string loops do not rotate, but have nonzero angular
momentum, completely generated by the current on the
string. The axial component of the angular momentum
reads
L = Pφ = gφtΣ
ττXt|τ + gφφ(Σ
ττXφ|τ + Σ
τσXφ|σ)
= gφφΣ
στ = −2jτ jσ. (36)
From equations (19-20) we clearly see that ω = −1 repre-
sents string loops with negative axial angular momentum
L < 0, ω = 0 represents the string loops with L = 0,
and ω = +1 represents the string loops with L > 0.
The string loops having no scalar field ϕ feel no centrifu-
gal barrier because their angular momentum parameter
J = 0 (Nambu—Goto strings) - naturally, they have also
L = 0; such situation is different from ω = 0, J 6= 0 case,
where the centrifugal repulsion governed by the non zero
J parameter is present. Recall that in the non-rotating
Schwarzschild spacetime, the string loop equations of mo-
tion are independent of the parameter L [2].
The string dynamics depends on the current J through
the worldsheet stress-energy tensor. Using the two con-
stants of motion (35-36), we can rewrite the Hamiltonian
(34) into the form related to the r and θ momentum
components
H =
1
2
grrP 2r +
1
2
gθθP 2θ
+
1
2
gφφ(Σ
ττ )2 +
gφφ(E + gtφΣ
στ )2
2(gttgφφ − g2tφ)
. (37)
The equations of motion (33) following from the Hamil-
tonian (37) are very complicated and can be solved only
numerically in general case, although there exist analyt-
ical solutions for simple cases of the motion in the flat or
de Sitter spacetimes [2].
IV. ENERGY BOUNDARY FUNCTION
It is useful to examine regions allowed for the motion
of string loops according to their energy. The loci where
the string loops have zero velocity (r˙ = 0, θ˙ = 0) form
boundary of the string-loop motion. The boundary en-
ergy function can be defined by the relation
E = Eb(r, θ) =
√
g2tφ − gttgφφ Σττ − gtφΣστ , (38)
implied by the condition H = 0, given by reparameteri-
zation invariance of the action (10).
We can make the rescaling Eb → Eb/µ and J →
J/
√
µ, assuming µ > 0. This choice of “units” will not
affect energy boundary function and is equivalent to set-
ting the string tension µ = 1 in Eqs (19-20), (38).
The energy boundary function then, in the Boyer-
Lindquist r, θ coordinates, takes the form
Eb(r, θ, J, ω) =
4aωJ2r
(ω2 + 1)G
+
√
∆
(
J2R2
G sin(θ)
+ sin(θ)
)
,
(39)
where we introduced the function
G =
(
a2 + r2
)
R2 + 2a2r sin2(θ). (40)
Clearly, the energy boundary function (39) is not defined
in the so called dynamical region, located between the
black hole horizons, where
g2tφ − gttgφφ = ∆ sin2(θ) < 0. (41)
The critical points of the boundary energy function are
located where the function Eb(r, θ; J, ω, a) is not differ-
entiable or its derivative is zero (stationary points). The
stationary points are determined by the stationarity con-
ditions
(Eb)
′
r = 0 (42)
(Eb)
′
θ = 0 (43)
The notation ()′m corresponds to the derivation with re-
spect to the coordinate m. In order to determine char-
acter of the stationary points denoted as (re, θe), we
5(a) J = 0, a = 0 (b) J = 0, a = 0.99 (c) J = 0, a = 1.1
(d) J = 0.1, a = 0 (e) J = 0.1, a = 0.99 (f) J = 0.1, a = 1.1
(g) J = 1.1, a = 0 (h) J = 1.1, a = 0.99 (i) J = 1.1, a = 1.1
Figure 1: Energy boundary function Eb(x, y; J, ω, a) for string loops with J = 0 (a-c) and J 6= 0 (d-i), given for characteristic
values of spin a. We chose parameter ω = 0 in all the presented cases, but the function Eb(x, y; J, ω) depends only slightly on
ω for small values of J and its behavior is of the same character for the other values of ω. The maxima (”horns”) are located
at the singularity points [±a, 0]. Empty space represents the dynamical region (41), where Eb is not defined. For angular
momenta small enough (J = 0.1), the repulsive centrifugal barrier is located at the ring x ≤ a, while for angular momentum
large enough (J = 1.1), it is located above the ring singularity.
have to consider the stability conditions, giving a max-
imum or a minimum of the energy boundary function
Eb(r, θ; J, ω, a)
[(Eb)
′′
rr](re, θe) < 0 (max) > 0 (min) (44)
[(Eb)
′′
rr(Eb)
′′
θθ − (Eb)′′rθ(Eb)′′θr](re, θe) > 0. (45)
Behavior of the energy boundary function Eb(r, θ; J, ω, a)
in each of the directions r and θ is relevant for the charac-
ter of the string-loop motion boundary. We first discuss
behavior of Eb(r, θ; J, ω, a) for the Nambu—Goto strings
with J = 0 and then for current-carrying strings with
J 6= 0.
A. Nambu–Goto string loops
We know that due to the transmutation effect, the
string-loop maximal acceleration in the y-direction is ob-
tained for small currents J ∼ 0 [11]. It it obvious to
6(a) BH a = 0.99, J = 0 (b) BH a = 0.99, J = 2
(c) NS a = 1.1, J = 0 (d) NS a = 1.1, J = 2
Figure 2: Equatorial (y = 0) sections of the energy bound-
ary function Eb(x, y; J, ω) for Kerr BH (a = 0.99) and NS
(a = 1.1) in the neighborhood of the Kerr ring singularity
(dotted line). Particular values of the parameter ω are distin-
guished as −1 (dashed), 0 (plain) and 1 (dash-dotted) curve.
Dynamical region of the Kerr BH is dashed. Notice that in
the case ω = −1, corresponding to axial angular momentum
L < 0, negative energies E < 0 are allowed.
examine the motion for the most simplified situation -
relativistic string loops with no current J = 0.
Energy boundary function Eb(r, θ; a) then reduces to
the form
E2b = g
2
tφ − gttgφφ = sin2(θ)(a2 − 2r + r2). (46)
The function Eb(x, y; a) is plotted for parameters a ∈
{0, 0.99, 1.1} in Fig. 1(a-c); in these 3D plots we see
overall behavior of the function Eb(x, y; a) near the origin
of coordinates. All three cases merge at large distances.
Here we use the Cartesian (Kerr-Schild) coordinates (7)
that are convenient to reflect properly the Kerr spacetime
near the physical ring singularity.
The critical points of Eb(x, y; a) are located at
(A) maxima: A = [±a, 0]; Eb(A) = a (47)
(B) saddle: B = [±
√
1 + a2, 0];
Eb(B) =
√
a2 − 1 (48)
(C) valley: x = 0; Eb(0, y) = 0. (49)
Point A (top of the horn) is physically forbidden position
in the Kerr spacetimes as it corresponds to the Kerr ring
singularity, but it can be realized in the field of prop-
erly constructed Kerr superspinars (with R = 0), point
(a) BH a = 0.99 (b) NS a = 1.1
Figure 3: String loops with negative energy (E < 0) can exist
only inside the ergosphere, and for string loops with ω = −1.
Contours Eb(x, y) = 0 with typical values of the parameter J
(solid curves) are plotted; for J = 0 they coincide with outer
the horizon, for J → ∞ they coincide with the boundary of
the ergosphere, so called surface of static limit (thick dotted).
B (pass between the horn and the wall) exists only for
Kerr naked singularities. String loops located at points
C (valley between horns) degenerate to have zero radius.
At all three points (A,B,C) the string can be at rest;
points A an B are unstable against perturbations and
point C is stable against perturbations in the x-direction
only.
For Nambu—Goto string loops no stable equilibrium
positions exist (minima in Eb(r, θ; a) function) – this is
caused by vanishing of the centrifugal barrier due to J =
0.
B. Current-carrying string loops
In the case J = 0, we have demonstrated pure interplay
of the influence of gravity and string tension in the be-
havior of the energy boundary function Eb(x, y; a). For
the flat spacetime and nonzero angular momentum J , the
energy boundary function Eb(x, y; J) takes the form
Eb(x, y) = x+
J2
x
, (50)
representing long ”valley” along x = J – see [2]. In the
case of Kerr geometry, with arbitrary parameters a, J, ω,
the Eb(x, y; J, ω, a) function demonstrates a complicated
form that can be imagined as arising due to mixing of
the effects of the string tension and angular momentum
J induced by the string current, as in flat spacetime (50),
and the influence of the Kerr spacetime (gravitation) for
J = 0 (46). Combination of both effects leads to a very
complex behavior of Eb(x, y; J, ω, a) especially in the re-
gion near the physical ring singularity and becomes to
be strongly dependent on the parameter J governing the
centrifugal repulsive barrier, and on the spin in the case
of the Kerr NS spacetimes.
7We express the current-carrying string loop (J > 0)
energy boundary function Eb also in the Kerr—Schild
coordinates x, y (7), when it takes the form
Eb(x, y) =
{ x+ J2/x for x ≤ a, y = 0
Eb[r(x, y), θ(x, y)] elsewhere;
(51)
we define the energy boundary function Eb(x, y) also for
region x ≤ a, y = 0 to be continuously matched at x = a
in the case of ω = 1. At the Kerr ring singularity [x, y] =
[a, 0], the function is defined as Eb(a, 0) = a + J
2/a,
but the limit of the external (x > a) energy boundary
function Eb(r, θ; J, ω, a) reads
lim
r→0
Eb(r, pi/2) = a+
2J2ω
a(1 + ω2)
. (52)
The only essential discontinuity exists at the ring singu-
larity for values of parameters J > 0 and ω ∈ {−1, 0}.
The region x ≤ a, y = 0 is hidden below the outer event
horizon for Kerr BH; the discontinuity is important for
Kerr NS only, see Fig. 2.
Behavior of the energy boundary function near the
physical ring singularity where the centrifugal barrier is
relevant is demonstrated in Fig. 1(d-f) for small J when
the barrier is located at the circle |x| < a (cases e,f, un-
der the ring singularity), and in (g-i) for larger J when
the barrier is above the ring singularity (case h,i).
The energy boundary function Eb(r, θ; J, ω, a), given
by Eq. (39), is always positive for ω ∈ {0, 1}; however,
for ω = −1 there is a region determined by the condition
√
∆
(
G sin(θ)2 + J2R2
)− 2arJ2 sin(θ) ≤ 0 (53)
where string loops with negative energy E < 0 can ex-
ist, as demonstrated in Fig. 2. It is useful to relate
the states corresponding to the boundary energy func-
tion with E < 0 to the ergosphere of the Kerr geometry
- we can demonstrate that the string loops with negative
energy can exist only inside the ergosphere, see Fig. 3.
The behavior of the energy boundary function E(x, y)
far away from the origin of coordinates, where the space-
time is flat, is given by (50) – this case was discussed in
[2] and will not be repeated here.
V. EQUILIBRIUM POSITIONS OF STRING
LOOPS
In the Kerr spacetimes, the stationary points of the
energy boundary function E(r, θ; J, ω, a), governing the
equilibrium positions of string loops, can be expressed
using Eqs. (42-43). The stationary points can be related
to the angular momentum parameter J , and sorted into
two groups:
• points in equatorial plane, given by the condition
J2 = J2(e)r(r, pi/2;ω, a), θ = pi/2 (54)
• points off equatorial plane, given by the condition
J2 = J2(e)r(r, θ;ω, a), J
2 = J2(e)θ(r, θ;ω, a). (55)
We define the functions J2(e)r(r, θ, ;ω, a), J
2
(e)θ(r, θ;ω, a)
governing the stationary points (local extrema) of the
energy boundary function by the relations
J2(e)r(r, θ) ≡
(1 + ω2)G2(2r − 2) sin2(θ)
8a
√
∆ω sin(θ)F1 + (1 + ω2)(G[2(r − 1)R2 + 4r∆]− F2)
, (56)
F1 = G− 4r4 − 2a2r2 − 2a2r
(
r cos2(θ) + sin2(θ)
)
, (57)
F2 = 4R
2∆
[
r
(
a2 + 2r2
)
+ a2
(
r cos2(θ) + sin2(θ)
)]
, (58)
J2(e)θ(r, θ) ≡
(1 + ω2)G2
(1 + ω2)(2Ga2 +R2[G csc2(θ)− 2a2∆])− 8a3ω√∆ r sin(θ) . (59)
In equatorial plane, the local extrema of the energy
boundary function Eb(r, θ; J, ω, a) were previously found
in both BH and NS spacetimes [1, 2, 34] – here they will
be discussed in detail in section V A; the off-equatorial
extrema were observed only in the NS spacetimes [34],
they will be discussed in detail in section V B.
For classification of the string loop dynamics it is cru-
cial, if the constant-energy section of the energy bound-
ary function E = Eb(r, θ; J, ω, a) is open to infinity in
the y-direction - the string loops can then escape along
the y-axis. The necessary energy condition for escaping
in the Kerr spacetimes is given by the relation
E > Eb(0)min(r, pi/2) = 2J, (60)
determined by the minimal energy of string loops at in-
finity. (Recall that in the asymptotically de Sitter space-
times the escaping condition is more complex [2].) If the
energy is not sufficiently high, the string loops are cap-
tured by the BH, or trapped in some ”lake” like region
in the BH or NS spacetimes. Using relation (60), we can
express condition for escaping string loops by the relation
JL1 < J < JL2 (61)
8(a) a = 0 (b) a = 0.99, ω = −1 (c) a = 0.99, ω = 0 (d) a = 0.99, ω = +1
(e) a = 1.1, ω = −1 (f) a = 1.1, ω = 0 (g) a = 1.2, ω = 0 (h) a = 1.1, ω = +1
Figure 4: Function J2(e)eq(r; a, ω) (black thick curve) denoting the local extrema of the energy boundary function Eb(r, θ; J, ω, a)
located in the equatorial plane. We plotted the function J2(e)eq(r; a, ω) for characteristic combinations of the parameters a and
ω. The dotted curves represent the functions JL1(r; a, ω) and JL2(r; a, ω) determining the regions from which the string loops
can escape to the infinity along the y axis. In the shaded regions the string loops are trapped by closed energy boundaries,
given by the sections E = Eb(x, y; J, ω, a). Note that string loops can be captured by Kerr BH, therefore, we have to exclude
such cases from the gray region; for Kerr NS only the trapped states (gray) can exist for all values of the parameter J satisfying
condition JL1 < J < JL2, since no capture of string loops by Kerr NS is possible. Hatched are the dynamical regions of the
Kerr spacetime. Fig. (a) with a = 0 represents string loops in the Schwarzschild spacetime and corresponds to the Fig 8(a)
presented in [2].
where we define new functions JL1 (with +) and JL2
(with −)
JL1,L2(r) =
(1 + ω2)G±√(1 + ω2)GF3
(1 + ω2) csc(θ)
√
∆R2 + 4arω
, (62)
F3 = (1 + ω
2)(G−∆R2)− 4
√
∆arω sin(θ). (63)
The behavior of the functions JL1(r;ω, a) and JL2(r;ω, a)
is demonstrated in Fig. 4.
A. Extrema in the equatorial plane
For small values of J < a, the energy boundary func-
tion Eb(x, y; J, ω, a), given by (51), allows in the region
x ≤ a of the equatorial plane (y = 0) a minimum at
x = J ; moreover, there is its maximum at ring singu-
larity x = a. Such points are for Kerr BH spacetimes
located behind the event horizon (41); therefore, we con-
sider them only in the case of Kerr NS spacetimes.
At the region above the ring singularity (x > a) we can
examine the local extrema of the energy boundary func-
tion Eb(r; J, ω, a) using the radial coordinate r instead of
the Cartesian coordinate x without loss of generality. In
the equatorial plane (y = 0, θ = pi/2), equations (56-59)
imply that the stationary points are given by the condi-
tion
J2 = J2(e)eq(r;ω, a) ≡ J2(e)r(r, pi/2, ω, a), (64)
where
J2(e)eq(r) =
(r − 1) (ω2 + 1) (a2(r + 2) + r3)2
4aω
√
∆ (a2 + 3r2) + (ω2 + 1)F4
,(65)
F4 = (r − 3)r4 − 2a4 + a2r
(
r2 − 3r + 6) . (66)
The relevant examples of the behavior of the
J2(e)eq(r;ω, a) function are shown in the Fig. 4 for char-
acteristic values of the parameters a, ω. A given string
current J (constant of motion) represented by a line has
possible multiple intersections with the function J2(e)eq(r)
that determine positions of the local extrema of the Eb
function, i.e., the equation (64) governs the stationary
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Figure 5: Loci of the local extrema of the energy boundary function Eb(r, θ; J, ω, a) in the equatorial plane in dependence
on the rotation parameter a, allowing us to classify different regimes of behavior of the energy boundary function Eb. Thin
solid curves give the position of the horizons and restrict the dynamical region (hatched). Gray color denotes region where
the function J2(e)eq(r;ω, a) is positive - extrema of energy boundary function Eb(r, θ; J, ω, a) can exist in this area, while in
the white areas extrema of Eb(r, θ; J, ω, a) cannot exist. The regions with maxima of Eb and regions with minima of Eb are
separated by thick black curve, which is given by the extrema of the J2(e)eq(r, ω, a) function. It is useful to compare this figure
with Fig. 4, where exact functions J2(e)eq(r;ω, a) are plotted. It can be seen that for ω ∈ {−1, 1} only two types of behavior
of Eb exist: Kerr BH and Kerr NS, while three types of this behavior occur for ω = 0: Kerr BH, Kerr NSa and Kerr NSb.
Figure 6: Extrema of the J2(e)eq(r;ω, a) function in depen-
dence on the Kerr rotational parameter a. Particular values
of the parameter ω are distinguished as −1 (dashed), 0 (plain)
and 1 (dash-dotted) curve.
points of the energy boundary function Eb. Notice that
in the Kerr BH case, the behavior of the J2(e)eq(r;ω, a)
and JL1(r;ω, a), JL2(r;ω, a) functions is of the same char-
acter for all three values of the parameter ω, while sig-
nificant differences occur in the Kerr NS case.
The local extrema of the J2(e)eq(r;ω, a) function, given
by the condition (J2(e)eq )
′
r = 0, enable us to distinguish
maxima and minima of the energy boundary function
Eb(r; J, ω, a). The local extrema of the J
2
(e)eq(r;ω, a) are
given for each value of the parameter ω = −1, 0,+1 by
a very complex equation mixing the radial coordinate r
and the spin a and giving the function aextr(r;ω) sep-
arating the regions corresponding to local maxima and
minima of the energy boundary function. Therefore, we
do not present this equation explicitly here; the results
of a numerical treatment are plotted in the a–r plane in
Fig. 5 where the function aextr(r;ω) is represented by
thick black curves. For completeness, we also give the
functions J
2 (extr)
(e)eq (a;ω) determing the values of the pa-
rameter J at the extremal points JE(min), JE(max) as a
function of the spin parameter a in Fig. 6.
The behavior of the energy boundary function
Eb(r; J, ω, a) in the equatorial plane is completely given
by the function J2(e)eq(r;ω, a). We can distinguish three
(ω ∈ −1, 0, 1) types of the J2(e)eq(r;ω, a) function be-
havior for Kerr BH (see Figs 4(b,c,d)), while four types
are relevant for Kerr NS (see Figs 4(e,f,g,h). The Kerr
NS case with ω = 0 demonstrates two subcases in de-
pendence on the spin parameter a: for 1 < a < acrit,
only one minimum of the J2(e)eq(r;ω, a) function exists,
for a > acrit, one minimum and one maximum of the
J2(e)eq(r;ω, a) function exist. The critical value of the
spin acrit reads
acrit
.
= 1.169052. (67)
At x > a, the string loop equilibrium position closest to
the ring singularity (x = a) can be determined from the
local extrema of the energy boundary function Eb. In the
equatorial plane, the marginally unstable (bound) equi-
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Figure 7: Characteristic radii of the string loop dynamics in the Kerr spacetimes introduced in this paper are compared to
characteristic radii of the circular equatorial orbits of test particles and photons. We plotted loci of the outer BH horizon
rh, photon circular orbits rph, innermost bound circular orbits rmb and innermost stable circular orbits rms; we use dashed
curves for the direct (corotating) orbits (+) and dotted curves for the retrograde orbits (−) - compare with Fig. 1. from [39]
The innermost stable positions of string loops sms are determined by the local minima of the J(E)eq(r;ω, a) function. The
innermost bound positions of string loops smb are given by the minimal value of the radial coordinate r for which the function
J(E)eq(r;ω, a) exist, see Figs. 4 and 5. The innermost stable and innermost bound positions are defined separately for string
loops having ω = −1, 0,+1.
librium position smb(a;ω) corresponds to the maximum
of the energy boundary function Eb, and the marginally
stable equilibrium position sms(a;ω) corresponds to the
minimum of the Eb function. The marginally unsta-
ble and marginally stable equilibrium radii of the string
loops, smb and sms, can be compared to the radii of the
marginally bound rmb and marginally stable rms circular
orbits of test particles in the Kerr spacetimes [17, 39].
Radii of all the important orbits are plotted in Fig. 7,
where we use + symbol for direct particle orbits (i.e.
corotating with positive angular momentum L > 0), and
− for retrograde orbits (counterrotating with L < 0).
For ω = ± 1, radii of the string loop marginally
bound equilibria smb± coincide with radii of the direct
or retrograde photon orbits rph± [40], while the radii of
marginally stable equilibria sms± are located between the
radii of marginally bound equilibria smb and radii of the
marginally stable particle orbits rms±. Recall that the
value ω = 1 represents positive string loop angular mo-
mentum L > 0 (36), while ω = −1 corresponds to L < 0,
as in the case of test particles. The case ω = 0, with
vanishing axial angular momentum (L = 0) has no test
particle equivalent - see Fig. 7.
B. Off-equatorial extrema
For physical problems with spherical symmetry, e.g.
the motion of test particles around Schwarzschild BHs,
it is meaningless to consider extrema of effective poten-
tial off the equatorial plane since the motion is always
confined to a central plane. The physical situations re-
lated to string loops have axial symmetry only, even if
the background is spherically symmetric, so we have to
consider also extrema located off the equatorial plane.
In fact, such off-equatorial extrema, minima only to be
specific, appear in the braneworld spherically symmetric
naked singularity spacetimes [34]. To find (r, θ) position
of the off-equatorial extrema in the Kerr spacetimes, we
have to solve the relation
J2(e)r(r, θ;ω, a) = J
2
(e)θ(r, θ;ω, a); (68)
of course, we have to consider only positive values of
J2(e)r, J
2
(e)θ functions determined by Eqs. (56-59). Unfor-
tunately, the relation (68) implies a very complex func-
tion of r and θ coordinates that gives only implicitly the
solutions, assuming the parameters ω and a fixed. Ana-
lytical formula for location of the off-equatorial extrema
has not been found, the solutions are determined by nu-
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(a) ω = −1 (b) ω = 0 (c) ω = 1
Figure 8: Positions of the off-equatorial local extrema (minima) of the energy boundary function Eb(x, y; J, ω, a), numerically
calculated from eq. (68), are presented for representative values of the rotation parameter a > 1 (Kerr NS). For a ≤ 1 (Kerr
BH) no off-equatorial local extrema can be found.
(a) E = 0.9, J = 0.6 (b) E = 1.3, J = 0.6
(c) E = 1.7, J = 1.2 (d) E = 2.1, J = 1.6
Figure 9: Evolution of the energy boundary function
Eb(x, y; J, ω, a) (black thick curve) around the off-equatorial
minima (denoted by black cross) demonstrated for fixed pa-
rameters a = 2, ω = 0. Contours of the Eb(x, y; J, ω, a) func-
tion are represented for various energy levels by gray curves;
the ring singularity is located at the point [a, 0].
merical methods.
Due to the effect of gravitational attraction, the low-
est part of the E(x, y; J, ω, a) function is located near
the origin of coordinates. The effect of string current
J implies that the energy boundary function Eb has a
”valley” located at x ∼ J for all values of coordinate y.
The maximum of the Eb(x, y; J, ω, a) function located at
the ring singularity combined with the effect of the an-
gular momentum J barrier that always gives a valley at
x ∼ J , imply possibility of the off-equatorial minima.
Numerical solutions (plotted in Fig. 8) demonstrate that
there are no off-equatorial extrema in the case of Kerr
BHs (0 < a < 1), while in the case of Kerr NSs (a > 1)
only minima can exist. Due to the mirror symmetry of
the energy boundary function Eb(x, y; J, ω, a), the off-
equatorial minima always appear in pairs - above and
below the equatorial plane. As can be seen from Fig.
8, the energy boundary function Eb(r, θ; J, ω, a) cannot
have the off-equatorial minima for all values of θ coordi-
nate; there exist some limiting value θend(a) < pi/2 that
can be determined numerically.
In Fig. 9 we demonstrate dependence of the location
of the off-equatorial minima on the latitudinal coordi-
nate θ for the string loops with ω = 0 and give the re-
lated ”lakes” of the constant energy sections of the en-
ergy boundary function E = Eb(x, y; J, ω, a) governing
trapped string loop states extending off the equatorial
plane and their transition to states enabled to cross the
equatorial plane or to escape to infinity. We have shown
in Fig. 9(a) that for small values of the angular momen-
tum J and energy E a closed string motion boundary
around the off-equatorial minimum is formed close to the
y-axis. If the energy E is increased above 2J (Fig. 9(b)),
the boundary becomes to be opened, allowing the string
loop to cross the equatorial plane or escape to infinity.
The off-equatorial ”lake” pairs can exist for θ < θend
(Fig. 9(c)), but for θ > θend they merge forming a ”lake”
crossing the equatorial plane (Fig. 9(d)).
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(a) a = 0 (b) a = 0.99, ω = −1 (c) a = 0.99, ω = 0 (d) a = 0.99, ω = +1
Figure 10: Extrema of the boundary energy function Eb(x, y; J, ω, a) illustrated for Schwarzschild and Kerr BH spacetimes
as functions of the angular momentum J . Thick solid curves correspond to the maxima and minima of the energy boundary
function Eb(x, y; J, ω, a) in the equatorial plane. Minimum of the Eb function for the flat spacetime E = 2J (escape to infinity)
is represented by the dashed line. Regions where the “lakes” corresponding to the trapped states can exist are shaded. Numbers
in Fig. (a) denote the examples of different types of the characteristic E = const sections of the boundary energy function
Eb(x, y; J, ω, a), illustrated in Fig. 11.
VI. CLASSIFICATION OF THE STRING LOOP
DYNAMICS IN THE KERR BH AND KERR NS
SPACETIMES
A. Black Holes
There are four different types of the behavior of the
energy boundary function for the string loop dynamics
in the Kerr BH or Schwarzschild spacetimes represented
by the characteristic E = const sections of the function
Eb(r, θ) in dependence on parameters J, ω, a [1]. We can
distinguish them according to two properties: possibility
of the string loop to escape to infinity in the y-direction,
and possibility to collapse to the black hole. A detailed
discussion can be found in [2]; here we shortly summarize
the results.
The energy boundary function Eb(r, θ; J, ω, a) has two
extrema, maximum and minimum, located above the
black-hole horizon, if
J > JE(min). (69)
For J = JE(min), the energy boundary function Eb has
an inflex point. For J < JE(min) there are no extrema of
the energy boundary function above the horizon.
In the Kerr BH case, only the equatorial extrema oc-
cur. Using the formulae for the Eb(r; J, ω, a) function
and denoting the extrema by the relations
Eb(min) = Eb(rE(min)), Eb(max) = Eb(rE(max)), (70)
we give the extremal values of the boundary energy func-
tion in dependence on the string parameter J > JE(min)
in Fig. 10. The oscillatory motion in the x-direction
is allowed for string loops with J > JE(min) and energy
satisfying the condition Eb(min)(J) < E < Eb(max)(J).
String loops with J < JE(min), or with E < Eb(max)(J)
and J > JE(min), can be captured by the black hole.
Figure 11: Constant energy sections of the energy boundary
function E = Eb(x, y; J, ω, a) governing the string loop dy-
namics in the Kerr or Schwarzschild BH spacetimes. Four
different types of the behavior of the string loop dynamics
are possible: collapse or escape to infinity (type 1), collapse
to the BH (type 2), trapping in some ”lake”-like region (type
3), escape to infinity without possibility to collapse to the BH
(type 4), see Fig. 10.
In the Kerr BH spacetimes, we can distinguish four
different types of the behavior of the boundary energy
function and the character of the string loop motion; in
Figs. 10, 11 we denote them by points numbered by 1
to 4. The first case, J < JL2, corresponds to no inner
and outer boundary - the string loop can be captured
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(a) a = 1.1, ω = −1 (b) a = 1.1, ω = 0 (c) a = 1.2, ω = 0 (d) a = 1.1, ω = +1
Figure 12: Extrema of the boundary energy function Eb(x, y; J, ω, a) illustrated for the Kerr NS spacetimes as functions of the
angular momentum J . The upper row of figures represents the large scale behavior, while the lower row figures, constructed
for small values of E and J , demonstrate details representing the off-equatorial minima. Thick solid curves correspond to the
maxima and minima of the energy boundary function Eb in the equatorial plane. The boundary for the string loop escape to
infinity along the y-axis, given by the relation E = 2J , is illustrated by the dashed line. Shaded are the regions where the
constant energy sections of the energy boundary function E = Eb(x, y; J, ω, a) form closed curves (”lakes”) around minima of
the function in the equatorial plane; hatched are the regions representing the off-equatorial ”lakes” that exist around the off-
equatorial minima of the energy boundary function. The off-equatorial minima can exist only for string loops with sufficiently
small values of J and E. Thin solid curve represents the limiting values of the energy boundary function just below the ring
singularity, i.e. Eb(r → 0, pi/2; J, ω, a); such values could correspond in the Kerr NS spacetimes to the lowest allowed values
of the energy E of the string loops with ω ∈ {−1, 0}. There is no maximum of the energy boundary function Eb in the case of
ω = 1; negative energies are allowed only for ω = −1. Regions of the forbidden combinations of the E and J parameters are
represented by the symbol @. The numbers correspond to the characteristic examples of the constant energy sections of the
Eb(x, y; J ;ω, a) function as illustrated in Fig 13.
by the black hole or escape to infinity. The second case,
JL2 < J < J(e)eq, corresponds to the situation with
an outer boundary - the string loop must be captured by
the black hole. The third case, J(e)eq < J < JL1,
corresponds to the situation when both inner and outer
boundary exist - the string loop is trapped in some region
forming a potential “lake” around the black hole. The
fourth case, JL1 < J , corresponds to an inner boundary
- the string loop cannot fall into the black hole but it
must escape to infinity.
The main effect of the rotation parameter a on the be-
havior of the energy boundary function Eb(x, y; J, ω, a)
in the Kerr BH spacetimes is shifting of the local extrema
of the Eb function away (ω = −1) or towards (ω = 1) the
origin of coordinates, see Fig. 7. This effect can be ob-
served also in dependence on the value of the JE(min)(a)
demonstrated in Fig. 4. Using the characteristic cases of
E–J dependence represented in Fig. 10, behavior of the
energy boundary function Eb(x, y; J, ω, a) in the Kerr BH
spacetimes can be sorted in the following way reflecting
that only quantitative differences occur due to the depen-
dence on the string loop parameter ω and the spacetime
spin parameter a. We assume a = 0.99 giving the corre-
sponding loci of the equilibrium string loop states:
(a) Schwarzschild BH (a = 0) The minimum of
the J2(E)e(r) function, JE(min), corresponds to the
marginally stable string loop radius sms ∼ 4.30, see
Fig. 4(a). Summary of the E–J dependence can be
inferred from Fig. 10(a).
(b) Kerr BH (ω = −1) The local extrema of the
Eb(x, y; J, ω, a) function and the radius sms− ∼ 5.87
are shifted away from the origin of coordinates, see
Fig. 10(b).
(c) Kerr BH (ω = 0) The local extrema of the
Eb(x, y; J, ω, a) function and the radius sms0 ∼ 4.26
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are shifted slightly towards the origin of coordinates,
Fig. 10(c).
(d) Kerr BH (ω = 1) The local extrema of the
Eb(x, y; J, ω, a) function and the radius sms+ ∼ 1.40
are significantly shifted towards the origin of coordi-
nates, see Fig. 10(d).
B. Naked Singularities
For Kerr NS we have found in the previous section
more complex behavior of the energy boundary function
Eb(x, y; J, ω, a), since we have demonstrated existence of
the off-equatorial minima and additional minima in the
equatorial plane located close to the ring singularity. The
off-equatorial minima of the Eb(x, y; J, ω, a) function can
exist only for small values of parameters J and E (see the
case 3d in Figs. 12(b),13), while the equatorial minima
located close to the ring singularity can exist even for
E > 2J (see the cases 3a and 3b in Figs. 12(b),13). Since
in the Kerr NS spacetimes no event horizon exists, only
collapse to the ring singularity can occur; string loops are
usually trapped in closed regions of the E = const sec-
tions of the energy boundary function Eb(x, y; J, ω, a), or
escape to infinity along the y-axis. Characteristic exam-
ples of the energy boundary sections E = Eb(x, y; J, ω, a)
governing the string loop dynamics in the Kerr NS space-
times are given in Fig. 13.
Using the characteristic cases of the E-J dependence
represented in Fig. 12, behavior of the energy boundary
function Eb(x, y) in the Kerr NS spacetimes can be sorted
according to the parameters a and ω in following way:
(a) Kerr NS (ω = −1) Function J2(E)e(r), determin-
ing extrema of the Eb(r) function in the equatorial
plane, has now two extrema, JE(min) and JE(max),
see Fig. 4(e). For J < a, the function Eb(r) has
only a local minimum, corresponding to the lowest
value of the string loop energy E. For J < JE(max),
the function Eb(r) has a local maximum and min-
imum in the vicinity of the ring singularity. For
JE(max) < J < JE(min), the function Eb has no local
extrema, the string loop can obtain lowest possible
energy E near the ring singularity. The lowest string
loop energy is given by Eq. (52), and can take also
negative values, see Fig. 2. For J > JE(min), there
exist the ”standard” extrema of the Eb function, ob-
served also in the case of Kerr BH, i.e., a maximum
and minimum located close to x ∼ J . Summary of
E–J dependence is illustrated in Fig. 12(a).
(b) Kerr NS (ω = 0, a < acrit) The local extrema of the
Eb(x, y; J, ω, a) function are determined by the be-
havior of the J2(E)eq function, which has now only a
minimum JE(min), see Fig. 4(f). Because for r → 0,
there is J2(E)eq = 2, the function Eb has only one min-
imum located in vicinity of the ring singularity for
Figure 13: Constant energy sections of the energy boundary
function governing the string loop dynamics in the Kerr NS
spacetimes. The string loops escape to infinity (type 1 and
type 3a), or are trapped in closed boundaries (”lakes”) formed
around minima of the Eb(x, y; J, ω, a) function in the equa-
torial plane (types 1 and 3a-3c), or are trapped out of the
equatorial plane (3d) - see Fig. 12 for detailed classification.
The ”lakes” are approaching the ring singularity in the cases
1, 3a, and partially in the 3b case, while ”lakes” completely
separated from the ring singularity occur in the cases 3b, 3c
and 3d.
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J <
√
2, while for J >
√
2, an additional maximum
of the Eb function occurs in the vicinity of the ring
singularity. For J > JE(min), the standard extrema
of the Eb function exist - a maximum and minimum,
located close to x ∼ J . In this particular case, three
separated closed areas governing the string loop dy-
namics occur in the E = Eb(x, y) sections - two of
them occur near the ring singularity, and the third
one close to x ∼ J , see the case 3b in Fig. 13.
(c) Kerr NS (ω = 0, a > acrit) The only differences with
respect to the previous case (b) arises in the behav-
ior of the J2(E)eq function. Here, a new maximum
JE(max) occurs, hence, some extrema of the Eb func-
tion do not exist for all values of the parameter J .
Minimum of the Eb function (and the second ”lake”)
located close to the ring singularity disappear for
J > JE(max), while this second ”lake” and the ”lake”
located close to x = J can exist simultaneously only
if JE(max) > JE(min), see Fig. 12(c).
(d) Kerr NS (ω = 1) Local extrema of the Eb function
in the equatorial plane are determined by the J2(E)eq
function which has no extrema in this case - for any
value of the parameter J , the energy boundary func-
tion Eb has only one minimum (and the correspond-
ing ”lake”), see Fig. 4(h). Of course, as typical for
Kerr NS, there exist the off-equatorial minima and
related ”lakes” of the constant energy sections for
small angular momenta J and energies E, see Fig.
12(d).
VII. STRING LOOP ACCELERATION AND
ASYMPTOTICAL EJECTION SPEED
From the astrophysical point of view, one of the most
relevant applications of the axisymmetric string loop mo-
tion is the possibility of strong acceleration of the linear
translational string loop motion due to the transmuta-
tion process in the strong gravity of extremely compact
objects that could well mimic acceleration of relativistic
jets in Active Galactic Nuclei (AGN) and microquasars
[1, 11, 34]. Since the Kerr BH and NS spacetimes are
asymptotically flat, we first discuss the string loop mo-
tion in the flat spacetime that enables clear definition of
the acceleration process. The energy of the string loop
(38) in the flat spacetime, expressed in the Cartesian co-
ordinates, reads
E2 = y˙2 + x˙2 +
(
J2
x
+ x
)2
= E2y + E
2
x , (71)
where dot denotes derivative with respect to the affine
parameter ζ. The energy related to the motion in the x-
and y-directions are given by the relations
E2y = y˙
2, E2x = x˙
2 +
(
J2
x
+ x
)2
= (xi + xo)
2 = E20
(72)
Figure 14: Comparison of the energy boundary function Eb
for characteristic values of the spin parameter a = 0 (thick
solid), a = 0.99 (black solid), a = 1.1 (dashed curve). The
functions Eb differ significantly near the origin of the coordi-
nates for given cases; we also depict area of the horizon for
black holes (gray). The string loop motion is represented for
appropriately chosen characteristic cases. Because of the sen-
sitivity of the string loop motion to the initial conditions, we
have to compare whole set of trajectories to see the effect of
the rotation parameter a. We ”shoot” the string loops from
some position xs ∼ 25, ys ∈ (0, 13), with current J = 2 and
energy E = 25 towards the BH (NS). We continuously change
the coordinate ys which serves as an impact parameter and
plot the resulting gamma factor; results for different a and ω
are given in Fig. 15.
where xi (xo) represent the inner (outer) limit of the os-
cillatory motion. The energy E0 representing the internal
energy of the string loop is minimal when the inner and
the outer radii coincide, leading to the relation
E0(min) = 2J (73)
that determines the minimal energy necessary for escap-
ing of the string loop to infinity in the Kerr BH or NS
spacetimes. Clearly, Ex = E0 and Ey are constants of the
string loop motion and no transformation between these
energy modes is possible in the flat spacetime. How-
ever, in strong gravity in vicinity of black holes or naked
singularities, the internal kinetic energy of the oscillat-
ing string can be transmitted into the kinetic energy of
the translational linear motion (or vice versa) due to the
chaotic character of the string loop dynamics [1, 11].
In order to get a strong acceleration in the Kerr BH
and NS spacetimes, the string loop has to pass the re-
gion of strong gravity near the black hole horizon or in
vicinity of the naked ring singularity, where the string
transmutation effect Ex ↔ Ey can occur. All energy
of the transitional (Ey) energy mode can be transmit-
ted to the oscillatory (Ex) energy mode - oscillations of
the string loop in the x-direction and the internal energy
of the string will increase maximally in such a situation,
while the string will stop moving in the y-direction. How-
ever, all energy of the Ex mode cannot be transmitted
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Figure 15: The asymptotic speed of transmitted string loops given for all three values of the string loop parameter ω and
characteristic values of the spacetime spin parameter a. The Lorentz factor γ (vertical axis) is calculated for string loops with
energy E = 25 and current J = 2, starting from the rest with different initial position y0 ∈ (0, 13) (horizontal axis) while x0
is calculated from (38). Gray points correspond to the string loops collapsed to the black hole. Maximal acceleration (75) for
this case gives us the limiting gamma factor γmax = 6.25. We show the topical gamma factor that is numerically found in the
sample, γtop, and also the efficiency of the transmutation effect, Rγ(max)/3, given by the relative number of accelerations when
the final Lorentz factor is larger than γmax/3.
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(a) a = 0 (b) a = 0.99
(c) a = 1.1 (d) a = 2
Figure 16: Maximal and extremal (topical) Lorentz gamma
factor γ in dependence on the angular momentum param-
eter J for fixed string loop energy E = 25, parameter
ω = −1, 0,+1, and the spin parameter a. Solid curve shows
the predicted maximal acceleration (given by the theoretical
limit) represented by the Lorentz factor γmax in dependence
on J , eq. (75), while the markers are numerically calculated
extremal (topical) Lorentz factors γtop from the sample under
consideration.
into the Ey energy mode - there remains inconvertible
internal energy of the string, E0(min) = 2J , being the
minimal potential energy hidden in the Ex energy mode.
The final Lorentz factor of the transitional motion of
an accelerated string loop as observed in the asymptot-
ically flat region of the Kerr spacetimes is, due to (72),
determined by the relation [1, 11]
γ =
E
E0
=
E
xi + xo
, (74)
where E is the total energy of the string loop moving
with the internal energy E0 in the y-direction with the
velocity corresponding to the Lorentz factor γ. Clearly
the maximal Lorentz factor of the transitional motion
then reads [11]
γmax =
E
2J
. (75)
From this equation we see that large ratio of the string
loop energy E versus its angular momentum J is needed
for ultra-relativistic acceleration. It should be stressed
that rotation of the black hole (naked singularity) is not
Figure 17: Topical Lorentz factors γtop given for all three
possible values of ω = −1, 0,+1 of string loops in dependence
on the spin parameter a. Notice the sharp change at the
BH/NS transition. String loops are assumed with energy E =
25 and angular momentum J = 2, maximal acceleration is
limited by γmax = 6.25.
a relevant ingredient of the acceleration of the string loop
motion due to the transmutation effect [11], contrary to
the Blandford—Znajek effect [41] usually considered in
modeling acceleration of jet-like motion in AGN and mi-
croquasars.
For energy and angular momentum parameters of a
string loop fixed, increasing rotation parameter a causes
only slight increase of the energy efficiency of the trans-
mutation process (maximal Lorentz factor) in the Kerr
BH in comparison to the Schwarzschild case, but we ob-
serve a substantial jump of the energy efficiency after
crossing the region of Kerr NS, see Fig. 17. In Fig. 15
we see that the string loops are accelerated in naked sin-
gularity gravitational fields almost to the maximal pos-
sible acceleration γmax = 6.25 for the energy E = 25 and
angular momentum J = 2. The physical reason for dis-
tinction of the transmutations process efficiency in the
black hole and naked singularity spacetimes comes from
the non-existence of an event horizon in the naked singu-
larity spacetimes, see [34]. The transmutation efficiency
is highest at the deepest parts of the gravitational field
of black holes or naked singularities. After bouncing at
the deepest part of the potential well of a black hole, the
string loop crosses the event horizon and is captured by
the black hole. On the other hand, string loops are not
captured in the field of naked singularities, and can be
accelerated to highest velocities. For naked singularities
we see in Fig. 15 that the most accelerated string loops
with γtop
.
= 6.2 are starting near the equatorial plane
(ys ∈ (0, 5)), however, such string loops are captured in
the black hole cases (see Fig. 15). The situation of the
transitions between the oscillatory motions and the tran-
sitional accelerated motion can be properly represented
by their distribution in the space of initial states xs − ys
- see Figs 18 and 19
The acceleration of the string loops works equally for
both cosmic strings that could be remnants of some phase
transitions in the early universe [36, 37], and for plasma
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(a) J = 0.1 (b) J = 11
Figure 18: String loop acceleration in the Schwarzschild BH spacetime, plotted for various starting points of the string loop and
its energy. The string loop is starting from the rest at the points xs ∈ (0.1, 30.1), ys ∈ (0.1, 30.1) with the angular momentum
fixed to values of J = 0.1 or J = 11, but with different energy E that is determined by the starting point. The energy
can be estimated from the first subfigure, where different levels of the Eb(x, y; J, ω, a) function are plotted. The presented
figures correspond to the Fig. 22 from [2], but here we colored every point according to the asymptotic Lorentz factor of the
translational string loop motion in the y-direction. Black color denotes region below the horizon; gray regions correspond to
the string loops collapsed to the black hole. Regions of white color correspond to string loops that do not reach ”infinity”
located at r = 1000 for given time ζ = 200 and remain oscillating around the BH.
(a) J = 0.1, ω = 0 (b) J = 11, ω = −1 (c) J = 11, ω = 0 (d) J = 11, ω = 1
Figure 19: String loop Lorentz factors of accelerated motion in the Kerr BH (a = 0.99), upper row, and Kerr NS (a = 1.1),
lower row, spacetimes for J = 0.1 and J = 11 angular momenta; different values of the parameter ω are considered. The
starting positions of the string loop agree with those in Fig. 18 plotted for a = 0, see description there. In the Kerr BH case
with string loop parameter ω = −1, we observe significantly extended region of the gray colour, leading to conclusion that
the string loop configurations with L < 0, ale less stable and tend to collapse to the Kerr BH more rapidly. In the Kerr NS
spacetimes, the region of collapsed trajectories (gray) is substituted by the region of accelerated trajectories.
19
demonstrating a string-like behavior either due to mag-
netic field line tubes captured in the plasma [5], or due to
thin flux tubes of plasma that can be effectively described
as a one-dimensional string [8, 9]. We can expect that
in such situations the relevant physics can be described
by the string dynamics instead of much more complex
magnetohydrodynamics governing plasma in general sit-
uations.
The magnetized plasma string-like structures could be
relevant in acceleration of collimated jets observed in ac-
creting astrophysical systems ranging from young stars,
stellar mass black holes or neutron stars, to supermas-
sive black holes (or, alternatively, Kerr superspinars) in
quasars and active galactic nuclei. As discussed in the
pioneering work of Jacobson and Sotiriou [1], processes
with ”magnetic” string loops could arise near the equa-
torial plane of accreting systems and due to the transmu-
tation process of converting the internal string energy to
the kinetic energy of their translational motion a stream
of string loops moving along the axis could appear rep-
resenting thus a well collimated jet.
VIII. REGULAR AND CHAOTIC MOTION
Motion of strings is generally a chaotic motion, even
in the case of axisymmetric string loops [3, 34]. Never-
theless, in the motion of the string loops can occur, in
analogy with the motion of charged test particles [42–44],
”islands of regularity”. We shall discuss the connection
of the regular and chaotic motion of string loops in the
Kerr BH and NS spacetimes around the stable equilib-
rium points of the motion. We can demonstrate that
transitions from the regular to chaotic motion is of the
same character in both black hole and naked singularity
spacetimes.
The equilibrium points of the Hamiltonian (37) corre-
spond to the local minima at Xα0 = (r0, θ0) of the energy
boundary function Eb(r, θ) [45]. It is useful to rewrite
the Hamiltonian in the form
H = HD +HP =
1
2
grrP 2r +
1
2
gθθP 2θ +HP (r, θ) (76)
where we split H into the ”dynamical” HD and the ”po-
tential”HP parts. Introducing a small parameter  << 1,
we can rescale coordinates and momenta by the relations
Xα = Xα0 + Xˆ
α, Pα = Pˆα, (77)
applied for the coordinates α ∈ {r, θ}. We can make
polynomial expansion of the Hamiltonian into the Taylor
series and express it in separated parts according to the
power of 
H(Pˆα, Xˆ
α) = H0 + H1(Xˆ
α) + 2H2(Pˆα, Xˆ
α)
+3H3(Pˆα, Xˆ
α) + . . . , (78)
where Hk is a homogeneous part of the Hamiltonian of
degree k considered for the momenta Pˆα and coordinates
Xˆα. Recall that Pα occurs in the quadratic form in (37)
and appears in Hk only for k ≥ 2. If the string loop is
located at a local minimum of the Eb(x, y) function, we
have HD = 0 and hence H0 = 0. The local extrema of the
Eb function, given by (42-43), imply also H1(Xˆ
α) = 0.
We can divide (78) by the factor 2 (remember H = 0)
expressing the Hamiltonian in the vicinity of the local
minimum in the ”regular” plus ”perturbation” form
H = H2(Pˆα, Xˆ
α) + H3(Pˆα, Xˆ
α) + . . . (79)
If  = 0, we arrive to an integrable Hamiltonian
H = H2(Pˆα, Xˆ
α) =
1
2
∑
α
[
gαα(Pˆα)
2 + ω˜2α(Xˆ
α)2
]
(80)
representing two uncoupled harmonic oscillators. This
”perturbation” approach corresponds to the linearization
of the motion equations (31-32) in the neighborhood of
local minima of the function Eb(r, θ).
For the string loop motion represented by coordinates
r = r0 + δr, θ = θ0 + δθ we obtain the periodic harmonic
oscillations determined by the equations
δ¨r + ω2r δr = 0, δ¨θ + ω
2
θ δθ = 0, (81)
where the locally measured frequencies of the oscillatory
motion are given by
ω2r =
1
grr
∂2HP
∂r2
, ω2θ =
1
gθθ
∂2HP
∂θ2
. (82)
According to the Kolmogorov-Arnold-Moser (KAM)
theory [45], a string loop will oscillate in a quasi-periodic
motion, if the parameter  remains small. As the param-
eter  grows, the condition  << 1 becomes violated, the
nonlinear parts in the Hamiltonian become stronger, and
the string loop enters the nonlinear, chaotic regime of
its motion. Increase of non-linearity and chaoticity of a
system moving in vicinity of its local stable equilibrium
point is caused by increase of its energy. The transition
from the regular to the chaotic regime of the motion is
the solution to the ”focusing” problem of the string loop
trajectories discussed in [1].
We demonstrate successive transfer from the purely
regular, periodic motion through quasi-periodic motion
to purely chaotic motion of a string loop in Figs. 20,21.
The Poincare surface sections in the phase space and the
Fourier transforms of the oscillatory motion in the radial
and latitudinal direction clearly represent the transfer to
the chaotic motion. Of course, in the entering phase of
the motion with lowest energy, the string loop motion is
fully regular and periodic and is represented by appro-
priate Lissajousse figures.
It is convenient to represent the transfer to the chaotic
system by an appropriate Lyapunov coefficient. The
chaotic systems are sensitive to initial conditions and we
can follow two string loop trajectories separated at the
initial time t0 by a small phase-space distance d0. As
the system evolves, the two orbits will be separated at
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(a) E = 5 (J ∼ 3.5) (b) E = 8 (J ∼ 4.7) (c) E = 8.3 (J ∼ 4.8) (d) E = 9 (J ∼ 5.1)
Figure 20: Transition from regular to chaotic regime of the string loop motion as a solution to the ”focusing” of trajectories
problem [1]. All four calculated cases (a-d) demonstrate increase of chaoticity as the string-loop energy E grows. We use the
Poincare sections of the r − pr (θ − pθ) spaces, and the Fourier spectrum of the coordinates r(ζ) (θ(ζ)). The string loop is
starting from the point P1 (r0 = rh + 1.25, θ0 = pi/2 + 0.02) in the Kerr BH with a = 0.99 with various values of energy E (and
current J). The parameter ω is fixed to be ω = 1. The vertical lines in the Fourier spectra are the frequencies ωr/(2pi), ωθ/(2pi).
Boxed column of figures ”regular” (b) and ”chaotic” (d) are corresponding to the cases 9(a),8(a) from [1].
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(a) E = 3.3 (J ∼ 2.7) (b) E = 5.5 (J ∼ 3.5) (c) E = 5.7 (J ∼ 3.6) (d) E = 8 (J ∼ 4.3)
Figure 21: Transition from regular to chaotic regime of the string loop motion. We use Poincare sections of the r − pr
(θ − pθ)space and the Fourier spectrum of the coordinates r(ζ) (θ(ζ)). The string loop is starting from the point P2 (r0 =
rISCO, θ0 = pi/2 + 0.02) in the Kerr BH with a = 0.99 with various values of energy E (and current J). The parameter ω is
fixed to be ω = 1. Boxed column of figures ”regular” (b) and ”chaotic” (d) correspond to the cases 9(c),8(c) from [1]. There is
no ”focusing” of string trajectories in this case, but only increase of chaoticity of the motion.
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(a) point P1 (b) point P2
Figure 22: Growing of the maximal Lyapunov exponent in dependence on the increasing string loop energy E. For small
energies the motion is regular, but above some critical energy Ec(P1) ∼ 8.2 (Ec(P2) ∼ 5.7) the chaotic regime starts. Arrows
with letters mark individual cases taken from Figs.20,21.
an exponential rate if the motion of the string loops is in
the chaotic regime. The Lyapunov exponent [46]
λL = lim
d0→0
t→∞
(
1
t
ln
(
d(t)
d0
))
(83)
is describing the two orbits separation and hence the mea-
sure of chaos. The transition from the regular to the
chaotic regime of the string loop motion is clearly visible
due to the evolution of the maximal Lyapunov exponent
[46] demonstrated in Fig.22. We clearly see strongly in-
creasing measure of chaos with increasing energy of the
moving string loop when some critical energy is crossed.
We think that such an effect is genuine to the dynamical
systems and we observed it also for the string loops in
the spherically symmetric braneworld spacetimes [34].
The transition from the regular to the chaotic regime
of the motion is the solution to the ”focusing” problem of
the string trajectories discussed in [1]. The string trajec-
tories for lower energies appear to be ”focused”, but this
is only the effect of regularity of the system. For larger
energies, string loop will be in chaotic regime, and we do
not observe any string ”focusing”, see Figs. 20, 21 and
description there.
IX. QUASI-PERIODIC OSCILLATION OF
STRING LOOPS
The quasi-periodic character of the motion of string
loops trapped in a toroidal space around the equatorial
plane of a black hole (naked singularity) suggests an-
other interesting astrophysical application, related to the
high-frequency quasi-periodic oscillations (HF QPOs) of
X-ray brightness that had been observed in many Galac-
tic Low Mass X-Ray Binaries containing neutron stars
[see, e.g., 47–49] or black holes [see, e.g., 50–52]. Some
of the HF QPOs come in pairs of the upper and lower
frequencies (νU, νL) of twin peaks in the Fourier power
spectra. Since the peaks of high frequencies are close to
the orbital frequency of the marginally stable circular or-
bit representing the inner edge of Keplerian discs orbiting
black holes (or neutron stars), the strong gravity effects
have to be relevant in explaining HF QPOs. Usually, the
Keplerian orbital and epicyclic (radial and latitudinal)
frequencies of geodetical circular motion are assumed in
models explaining the HF QPOs in both black hole and
neutron star systems [53, 54]. However, neither of the
models is able to explain the HF QPOs in all the mi-
croquasars [55]. Therefore, it is of some relevance to let
the string loop oscillations, characterized by their radial
and vertical (latitudinal) frequencies, to enter the play, as
these frequencies are comparable to the epicyclic geodeti-
cal frequencies, but slightly different, enabling thus some
corrections to the predictions of the models based on the
geodetical epicyclic frequencies. Of course the frequen-
cies of the string loop oscillations in physical units have to
be related to distant observers. For the string loops with
ω = 0, the radial and latitudinal oscillatory frequencies
take the form
Ω2r =
(
c3
GM
)2
3a6r + a4(r(2r(5r − 9) + 9)− 6)− a2r3(r((r − 10)r + 35)− 27)− r6((r − 5)r + 3)
r (a2 − r3) (a2(r + 2) + r3)2 , (84)
Ω2θ =
(
c3
GM
)2
a4(2− 3r) + 2a2(3− 2r)r2 − r5
r2 (a2 − r3) (a2(r + 2) + r3) (85)
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(a) Schwarzschild BH (b) Kerr BH a = 0.99 (c) Kerr NS a = 2
Figure 23: Radial profiles of fundamental radial and vertical frequencies νr = Ωr/(2pi), νθ = Ωθ/(2pi) measured by distant
observers, determined for harmonic string loop oscillations around stable equatorial equilibrium states. The string loops are
considered with the parameter ω = 0, oscillating around compact object with mass 2Msun. The loci where resonances with the
ratios 3 : 2 and 2 : 3 of the frequencies νθ : νr occur are denoted. These could be relevant for explanation of the HF QPOs
observed in microquasars [53, 55]. Both fundamental frequencies νr, νθ and loci of their their resonance ratios are only sightly
depending on the Kerr spacetime spin parameter a.
We demonstrate their dependence on the radial coordi-
nate of the equilibrium position of the string loop and
on the black hole (naked singularity) spin in Fig. 23.
It is quite interesting that the latitudinal oscillatory fre-
quency of the string loop for Schwarzschild BH (a = 0)
equals to the latitudinal frequency of the epicyclic geode-
tical motion as observed by distant observers - for details
see [34]. The radial and latitudinal frequencies of the
string loop oscillations and the geodetical epicyclic mo-
tion in Kerr spacetimes are different, enabling thus sub-
stantial changes of the relation of the frequency ratio for
HF QPOs modeled by the string loop motion and the
geodetical epicyclic oscillations.
X. CONCLUSIONS
Scalar field ϕ living on the string loops is crucial for
creating the centrifugal forces, governed by the angular
momentum parameter J , and hence for the existence of
stable equilibrium positions. String loop equilibrium po-
sitions are located between photon rph and marginally
stable rms test particle orbits, supporting thus the view
of string loop model as a composition of charged particles
and the related electromagnetic field [9].
Contrary to the motion of current-carrying string loops
in the spherically symmetric spacetimes that is of a de-
generate type, depending on the magnitude of the an-
gular momentum of the string loop J only [2, 11, 34],
in the Kerr spacetimes the situation is more complex,
since the string loop motion depends also on the ”axial”
component of the angular momentum described by the
parameter ω. This situation is similar to those related
to the test particle motion, see, e.g., [40], and enlarges
substantially the possible signatures of astrophysical ef-
fects occurring in the strong gravity in Kerr spacetimes.
In the present paper we have focused our study on the
phenomena demonstrating clear distinction between the
BH and NS spacetimes and on the role of the string loop
parameter ω in astrophysically relevant phenomena.
Various types of the string loop dynamics expressed
by the constant energy sections of the energy boundary
function E = Eb(x, y) can be observed in the Kerr BH
and Kerr NS spacetimes. Only four different types of the
energy boundary sections can exist in the BH spacetimes
[1]; the absence of the horizon in the NS spacetimes leads
to new types of energy boundary function sections whose
behavior strongly changes the character of the string loop
motion: off-equatorial minima and additional equatorial
minima located close to the ring singularity arise in this
case. Note that string loop oscillations occuring near the
off-equatorial minima can serve as an important signa-
ture of the Kerr NS spacetimes, enabling clear distin-
guishing of the Kerr BH spacetimes.
Large string acceleration along the y-axis can occurs
only for large E/2J ratios. The transmutational acceler-
ating effect is only slightly depending on the Kerr black
hole spin a, but there is clear distinction between BH and
NS cases; Kerr NS are definitely better accelerators and
the spin dependence is in this case stronger than in the
black hole case - region with strong gravity around origin
of coordinates is now accessible, see Fig. 17. Also the role
of the string loop parameter ω is clearly demonstrated in
our results.
Trajectory ”focusing” problem, introduced in [1], can
be clearly explained as an effect of transition from reg-
ular to the chaotic regime of motion due to the energy
increase. Such transitions are observed in many other dy-
namical system [42, 44], and are not a special property
of the string loop model.
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Small string-loop quasi-periodic oscillations around
stable equilibrium positions, governed by Eqs (84-85),
are potentially relevant to HF QPOs observed in binary
systems containing black holes or neutron stars and will
be studied in a forthcoming work. Our preliminary re-
sults indicate that the HF QPOs observed in the four
microquasars discussed in [55], could be explained by the
model of the string loop oscillations due to the role of the
additional string loop parameter ω.
XI. ACKNOWLEDGMENTS
The authors would like to express their acknowledg-
ments for the Institutional support of the Faculty of Phi-
losophy and Science of the Silesian University at Opava,
the internal student grant of the Silesian University
SGS/23/2013, EU grant Synergy CZ.1.07/2.3.00/20.0071
and GACˇR 202/09/0772.
[1] T. Jacobson and T. P. Sotiriou, “String dynamics and
ejection along the axis of a spinning black hole,“ Phys.
Rev. D 79, 065029, (2009) [arXiv:gr-gc/0812.3996].
[2] M. Kolosˇ and Z. Stuchl´ık, “Current-carrying string loops
in black-hole spacetimes with a repulsive cosmological
constant,” Phys. Rev. D 82, 125012 (2010) [arXiv:gr-
qc/1103.40056].
[3] A. L. Larsen, “Chaotic string capture by black hole,”
Class. Quant. Grav. 11, 1201 (1994) [arXiv:hep-
th/9309086].
[4] A. V. Frolov and A. L. Larsen, “Chaotic scattering and
capture of strings by a black hole,” Class. Quant. Grav.
16, 3717 (1999) [arXiv:gr-qc/9908039].
[5] V. Semenov, S. Dyadechkin and B. Punsly, “Simulations
of jets driven by black hole rotation,” Science 305, 978
(2004) [arXiv:astro-ph/0408371].
[6] M. Christensson and M. Hindmarsh, “Magnetic fields in
the early universe in the string approach to MHD,” Phys.
Rev. D 60, 063001 (1999) [arXiv:astro-ph/9904358].
[7] V. S. Semenov and L. V. Bernikov, “Magnetic flux tubes -
nonlinear strings in relativistic magnetohydrodynamics,”
Astro. and Space Sci. 184, 157-166 (1991).
[8] H. C. Spruit, “Equations for thin flux tubes in ideal
MHD,” Astron. Astrophys. 102, 129 (1981).
[9] C. Cremaschini and Z. Stuchl´ık, “Magnetic loops gen-
eration by collisionless gravitationally-bound plasmas in
axisymmetric tori” Phys. Rev. E 87, 043113 (2013).
[10] A. Tursunov, M. Kolosˇ, B. Ahmedov and Z. Stuchl´ık,
“Dynamics of an electric current carrying string loop near
a Schwarzschild black hole embedded in an external mag-
netic field,” Phys. Rev. D 87, 125003 (2013).
[11] Z. Stuchl´ık and M. Kolosˇ, “Acceleration of string loops
in the Schwarzschild-de Sitter geometry,” Phys. Rev. D
85, 065022 (2012) [arXiv:gr-qc].
[12] Z. Stuchl´ık, “The motion of test particles in black-hole
backgrounds with non-zero cosmological constant,” Bull.
Astron. Inst. Czechosl. 34, 129 (1983).
[13] Z. Stuchl´ık and S. Hled´ık, “Some properties of the
Schwarzschild–de Sitter and Schwarzschild–anti-de Sitter
spacetimes,” Phys. Rev. D 60, 044006 (1999).
[14] Z. Stuchl´ık and J. Schee, “Influence of the cosmologi-
cal constant on the motion of Magellanic Clouds in the
gravitational field of Milky Way,” J. of Cosm. and Astro.
Phys. 09, 018 (2011)
[15] E. G. Gimon and P. Horˇava, “Astrophysical violations
of the Kerr bound as a possible signature of string the-
ory,” Phys. Lett. B 672, 299-302 (2009) [arXiv:hep-
th/0706.2873].
[16] F. de Felice, “Repulsive Phenomena and Energy Emis-
sion in the Field of a Naked Singularity,” Astron. Astro-
phys. 34, 14 (1974).
[17] Z. Stuchl´ık, “Equatorial circular orbits and the motion
of the shell of dust in the field of a rotating naked singu-
larity,” Bull. Astron. Inst. Czechosl. 31, 129-144 (1980).
[18] Z. Stuchl´ık, “Evolution of Kerr naked singularities,” Bull.
Astron. Inst. Czechosl. 32, 68-72 (1981).
[19] M. Calvani and L. Nobili, “Dressing up a Kerr naked
singularity,” Nuovo Cim. B 51, 247-261 (1979).
[20] C. Bambi, T. Harada, T. Takahashi and N. Yoshida,
“Outflows from accreting super-spinars,” Phys. Rev. D
81, 104004 (2010) [arXiv:gr-qc/1003.4821].
[21] Z. Stuchl´ık, S. Hled´ık and K. Truparova´, “Evolution of
Kerr superspinars due to accretion counterrotating thin
discs,” Class. Quant. Grav. 28, 155017 (2011) [arXiv:gr-
qc/9908039].
[22] Z. Stuchl´ık and J. Schee, “Observational phenomena re-
lated to primordial Kerr superspinars,” Class. Quant.
Grav. 29, 065002 (2012).
[23] R. Takahashi and T. Harada, “Observational testability
of a Kerr bound in the x-ray spectrum of black hole can-
didates,” Class. Quant. Grav. 27, 075003 (2010).
[24] G. Dotti, R. J. Gleiser and I. F. Ranea-Sandoval, “Un-
stable fields in Kerr spacetimes,” Class. Quant. Grav. 29,
095017 (2012).
[25] P. Pani, E. Barausse, E. Berti and V. Cardoso, “Gravi-
tational instabilities of superspinars,” Phys. Rev. D 82,
044009 (2010) [arXiv:gr-qc/1006.1863].
[26] Z. Stuchl´ık and J. Schee, “Counter-rotating Keplerian
discs around Kerr superspinars,” Class. Quant. Grav. 29,
025008 (2012).
[27] Z. Stuchl´ık and J. Schee, “Appearance of Keplerian discs
orbiting Kerr superspinars,” Class. Quant. Grav. 27,
215017 (2010) [arXiv:gr-qc/1101.3569].
[28] K. Hioki and K.-I. Maeda, “Measurement of the Kerr
spin parameter by observation of a compact object’s
shadow,” Phys. Rev. D 80, 024042 (2009) [arXiv:astro-
ph.HE/0904.3575].
[29] C. Bambi and K. Freese, “Apparent shape of super-
spinning black holes,” Phys. Rev. D 79, 043002 (2009)
[arXiv:0812.1328].
[30] J. Schee and Z. Stuchl´ık, “Profiled spectral lines gener-
ated in the field of Kerr superspinars” JCAP, 4 5 (2013).
[31] Z. Stuchl´ık and J. Schee, “Ultra-high-energy collisions in
the superspinning Kerr geometry,” Class. Quant. Grav.
30, 075012 (2013).
[32] M. Patil and P. S. Joshi, “Kerr naked singularities as
particle accelerators,” Class. Quant. Grav. 28, 235012
(2011) [arXiv:gr-qc/1103.1082].
[33] M. Patil and P. S. Joshi, “High energy particle colli-
sions in superspinning Kerr geometry,” Phys. Rev. D 84,
25
104001 (2011) [arXiv:gr-qc/1103.1083].
[34] Z. Stuchl´ık and M. Kolosˇ, “String loops in the field of
braneworld spherically symmetric black holes and naked
singularities” JCAP, 10 8 (2012)
[35] B. Carter, Black hole equilibrium states, (C. Dewitt &
B. S. Dewitt, 1973).
[36] E. Witten, “Superconducting Strings,” Nucl. Phys. B
249, 557 (1985).
[37] A. Vilenkin and E. P. S. Shellard, Cosmic strings and
other topological defects, (Cambridge University Press,
Cambridge 1994).
[38] J. M. Bardeen, “Timelike and Null Geodesics in the Kerr
Metric,” Black Holes, 215, (1973).
[39] J. M. Bardeen, W. H. Press and S. A. Teukolsky, “Ro-
tating Black Holes: Locally Nonrotating Frames, Energy
Extraction, and Scalar Synchrotron Radiation,” Astro.
Journal, 178, 347-370 (1972)
[40] C. W. Misner, K. S. Thorne and J. A. Wheeler, Gravita-
tion, (W. H. Freeman and Co, New York, 1973).
[41] R. D. Blandford and R. L. Znajek, “Electromagnetic ex-
traction of energy from Kerr black holes,” Mon. Noti. of
the Royal Astro. Society 179, 433-456 (1977).
[42] O. Kopa´cˇek, V. Karas, J. Kova´rˇ and Z. Stuchl´ık, “Transi-
tion from Regular to Chaotic Circulation in Magnetized
Coronae near Compact Objects,” Astro. J. 722, 1240-
1259 (2010) [arXiv:astro-ph.HE/1008.4650].
[43] J. Kova´rˇ, O. Kopa´cˇek, V. Karas and Y. Kojima, “Reg-
ular and chaotic orbits near a massive magnetic dipole,”
Class. Quant. Grav. 30, 025010 (2013), [arXiv:gr-
qc/1301.1831].
[44] O. Semera´k and P. Sukova´, “Free motion around black
holes with discs or rings: between integrability and chaos
- II,” Monthly Notices of the Royal Astronomical Society
425, 24552476 (2012).
[45] V. I. Arnold, Mathematical methods of classical mechan-
ics, (Springer, New York, 1978).
[46] E. Ott, Chaos in dynamical systems, (Cambridge Univer-
sity Press, Cambridge, 1993).
[47] D. Barret, J. F. Olive and M. C. Miller, “An abrupt
drop in the coherence of the lower kHz quasi-periodic os-
cillations in 4U 1636-536,” Monthly Notices of the Royal
Astronomical Society 361, 855-860 (2005).
[48] T. Belloni, M. Me´ndez and J. Homan, “The distribu-
tion of kHz QPO frequencies in bright low mass X-ray
binaries,” Astronom. Astrophys. 437, 209-216 (2005),
[arXiv:astro-ph/0501186].
[49] T. Belloni, M. Me´ndez and J. Homan, “On the kHz QPO
frequency correlations in bright neutron star X-ray bina-
ries,” Monthly Notices of the Royal Astronomical Society
376, 1133-1138 (2007),
[50] R. A. Remillard, “X-ray spectral states and high-
frequency QPOs in black hole binaries,” Monthly Notices
of the Royal Astronomical Society 326, 804-807 (2005),
[astro-ph/0510699].
[51] R. A. Remillard and J. E. McClintock, “Active X-ray
States of Black Hole Binaries: Current Overview,” Bul-
letin of the American Astronomical Society 38, 903
(2006), [astro-ph/0510699].
[52] J. E. McClintock et al, “Measuring the spins of accret-
ing black holes,” Class. Quant. Grav. 28, 114009 (2011),
[astro-ph.HE/1101.0811].
[53] G. To¨ro¨k, M. A. Abramowicz, W. Kluz´niak and
Z. Stuchl´ık, “The orbital resonance model for twin peak
kHz quasi periodic oscillations in microquasars,” As-
tronom. Astrophys. 436, 1-8 (2005).
[54] Z. Stuchl´ık, A. Kotrlova´ and G. To¨ro¨k, “Multi-resonance
orbital model of high-frequency quasi-periodic oscilla-
tions: possible high-precision determination of black hole
and neutron star spin,” Astronom. Astrophys. 552, A10
(2013), [astro-ph.HE/1305.3552].
[55] G. To¨ro¨k, A. Kotrlova´, E. Sˇra´mkova´ and Z. Stuchl´ık,
“Confronting the models of 3:2 quasiperiodic oscilla-
tions with the rapid spin of the microquasar GRS
1915+105,” Astronom. Astrophys. 531, A59 (2011),
[astro-ph.HE/1103.2438].
